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The Krupka and Trautman method for the description of all generally
invariant functions of the components of geometrical object fields is
applied to the invariants of second degree of the metrical field and other
tensor fields. The complete system of differential identities fulfilled by the
invariants mentioned is found and it is proved that these invariants
depend on the tensor quantities only.

1. INTRODUCTION

Krupka and Trautman have given a general method for the description
of all generally invariant functions of the components of geometrical objects
and their derivatives of arbitrary degree (Krupka and Trautman, 1974;
Krupka, 1974). Later on this method was successfully applied to the in-
variants of second degree of the metrical tensor field (Krupka, 1976; Krupka,
1978). Hereby the full system of differential identities fulfilled by the invariants
mentioned has been written. The maximal number of functionally independent
invariants has been found and some concrete basis of this system has
been constructed. An analogical program has been also realized for
invariants of the first degree of the components of metrical tensor and con-
nection (Hordk and Krupka, 1978). The physical meaning of invari-
ants consists in the fact that they play the role of Lagrangians in the
theories based on validity of variational principle, such as, for example,
Einstein’s theory in the first and the Einstein-Cartan theory in the second
case.

The object of the present paper is to study further possibilities of
the Krupka-Trautman method, especially for the situation arising in
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general relativity in the presence of nongravitational fields. We are con-
cerned with invariants depending not only on metrical field, but also
on some other tensor fields and their derivatives up to second degree.
After an examination of the problem we ended by drawing the following
conclusion.

The above-mentioned invariants depend on the tensor quantities only
—-i.e., on the metrical tensor, on the curvature tensor, and on some other
tensor fields and their covariant derivatives of the first and of the second
degree. Thus we managed to reduce the whole problem of the finding of
invariants to the problem of finding invariants of given tensor which can be
solved by the known classical methods (Dieudonné and Carrell, 1971). As
a further corollary of the conclusion mentioned we are able to determine the
number of functionally independent invariants.

Let us note that the present work stands in close connection with the
quoted works of Krupka (Krupka, 1976; Krupka, 1978); and for that reason
we do not need to occupy ourselves in detail with the theory there already
explained.

2. FUNDAMENTAL STRUCTURES

We shall study invariant functions of fibered manifolds with the basis
of dimension n and with typical fiber which is the Cartesian product of the
member T,2(R*™* O R™¥) (corresponding to the metrical tensor field and its
derivatives up to the second degree), arbitrary number of members 7,%(R)
(corresponding to scalar fields), and arbitrary number of members
T.2(R™ ® - -- ® R"*) (corresponding to the covariant tensor fields of
arbitrary degree). The presence of the metric makes it possible for us to take
into consideration merely covariant fields.

For brevity let us limit ourselves to the case of fundamental structures
for the determination of generally invariant Lagrangians dependent on the
metrical field and on some vector field. (The general case of an arbitrary
number of tensor fields will be discussed later.) In the given case a typical
fiber will be

0 = TXAR™ O R™) x T,(R™)

Let us denote canonical coordinates on T,2(R™ O R™) as g, Sk
g5 and canonical coordinates on T,%(R™*) as 4;, 4,,;, A;,z. On the manifold
O the transformation group L,® of all invertible 3-jets with the source and
the target in the point 0 € R acts in a natural way.

In conformity with Krupka’s work (1978) let us introduce on
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T, 2(R** O R"*) new coordinates g, I'; s, Rijur> Si, 511, Where

& = & Lige = Hgue + Giws — &mert)
Ry = Hgu e + &t — G — gﬂ,i}c)
+ %gmn[(gmj,k + 8mr,; — gfk.m)(gni,l + &, — gil,n)
— (&n11 + gnts — Enm)(Enik + Gnrt — &ik,n)]
St = ¥ &iraa + Gy + ) — H&m + ik + 8riig)

To obtain a full system of coordinates on Q let us add new coordinates
A, A, 4, Ay, Where

A=4, Ayy=A4,;— 38+ 8y — 8y Ak
Aigio = Ai e — He™[8™(8ot,s T+ Zosut — &is0) + 8™(orx + Goxt — &ik,o)]
+ gmoain(goj,k + 8ok,s — gjk,o)}Am,m
+ Hg"g™(Bgom,x + Goksm — Giom,oX&nt,s + &nsit — &isyn)
+ (3Zom,s + Zosum — &mi,o)(&nik + &nicyi — Zik,n)
+ z(goi,m + Bom,i — gim,o)(gnj,k + Gnk,s — g}k,n)]
— 28™(28mi, i + Emiire T Emicss — Girmic — Luem)3Ai

Here g is defined by the relations g¥g;, = §,'. Consequently 4., are
usual “covariant derivatives” of vector field and A,.;., is symmetrized sum
of the second “‘covariant derivatives.”

Inverse transformations are (in the neighborhood of the points where
det g;; # 0)

8is = &is» ik = Lige + Ty
& = S + Sy — Rt + Ryenr)
+ 38" (T, 1l nst + Tl Unpie = 20mal's 1)
A, =4, Ai ;= Aiy; + g°Ty 4,4,
Aige = iy + [8"To,ud™ + To156™) + 8™To 58" Am :m
+ 38™[6Sm, 1 — Risme — Rikmj
— 28™(Lo ki lnim + TomiTnie + Tokmln,i)]4:

3. FUNDAMENTAL VECTOR FIELDS

In this part we shall study the natural actionof L,®> on Q. We shall
find the full system of differential identities for the invariants of this
action.

Let us denote canonical coordinates on L,? as a/, aly, ak. Let us write
the action of the group L,® on Q in the coordinates Z,;, T ju, Rijris Si juis
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A, Ay Ay Tt holds that

4; = 01’11, Aiy = aajd;,, Ay = 4'a " A, onim
& = afafgn, Ti e = alaa,"Ty mn + @'aT:8in
Risy = aa"a,°a)’ Rynop
St = &4 Sy oy + {a"(@ha" + afha™ + aha™)
+ ¥afla e’ + afasa’ + afiaa’)
+ %‘ain(aﬁako + a;f;calo + ayllcajo)}Pm.no
+ [afua™ + Yafah. + alka} + afjai)]1Emn

The fundamental vector fields corresponding to presented relations are
characterized in Krupka’s work (1978). Let us denote them as X7, Zf¢ T,
It holds for these fields

) =5+

where
=51 = %_6_ ar;‘”m 4 a‘R;dm 2 asllc,lmn 0
¢ T Paf 0gy | 0af . 0a ORym 34 OSyim
! P ?.1_4.’;_.6_ aA;"-” 4 aAl’c:(l:m) 14
Y7 0af 04, ' 0a) 0Ay. oa  0Ai.qm
Sk = B = ar;,mn 4 6Si,mm) 0
! ! aa}k aPl,mn aa;k aSl.mno
T = Bk = OSm,nop _ 0

i
aajki asm,nop

(the derivatives are considered in the unit point e = j,%id € L,%; i.e., after
their calculation we put @/ = 8/, af; = 0, @} = 0.

The quantities £/, E{*, E/*' were calculated in Krupka (1978). For i/ we
obtain

Y a 2 0 0
S Ay b Ay A+ Ao + Aien — + 203 e
'ﬁi i 6Aj ik 3A;;k kit aAk;j (HGHY aAi:(k:l) LR OH) aAk;(j:l)
G.1)

Tt would be suitable to introduce new fields

Z{.J'kl = gimzﬁcl = Rl.Jkl

!
Sk = gil (Z{k —_ a‘g’"«lﬂlm Zm,noz)) = =ik
i

st =3E,+ %), 5 =3E,-2%)
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where .
2= — 882!
ory as,
Kl o 1 gkm o R:0P S'n,0p __ 7,094 §\n,0pq
z z& (Z”‘ oa™ z oa™ z )

= Bkl 4 Lghmp !
It follows therefore that

Zf = B — e + guh)
25 = B5 + Hagub — gah®)

[Ee Bk 5F By are calculated in Krupka’s work, ¢/ is given by (3.1)].
The theorem following from our considerations runs therefore as follows:
In the neighborhood of every regular point of the manifold Q =
T2(R* O R**) x T,%(R"*) the Lie algebra e;3,(Q) is spanned on the vector
fields

Shdkl — 4 , Sheik g
1,7kl i, pe
5+ a 0 k ke )
i = a_g'; — (&inRyim + inRiscim) a—m — 3 (g + gub®) (3.2)

0
25 = (gmRuim — &mRiam) m + 3 (gudh* — g

Every generally invariant function £ defined on some open L,? invariant
neighborhood of a regular point of the manifold Q fulfils the system of
equations

THR(F) = 0, Shi(P) = 0, THE) =0, Z5(&) =0 (3.3

and—on the contrary—every function that fulfils this system is generally
invariant.

It means that every generally invariant function % depends merely
on g, Ry, Ais Aiyyy Ao, 1.6, O tensorial quantities only.

4. DISCUSSION

In the case of an arbitrary number of tensor fields of arbitrary degree
it is again possible to introduce instead of the canonical coordinates T,...,,,
Tayanis Tayanis N€W coordinates T, = Toyoans Tagooansts Tayoagscissy TOT
every tensor field. In the transformation relations for these quantities the
group L,® acts by means of its components a,f only. All the previous relations
and conclusions remain valid with one exception, namely, the expression for
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¥,* will become in general more complicated. For example, for the tensor
field of second degree it will be

. 2 0 0 0 0
= At Ausr t Aaz— + duias— + A
v " 0dy “ oAy, ¥ 8 A e B Ay g 9 8 A5

0 0 ]
+ Aieiaim Ay + Aiizaim Ay + 24k;0:m Mg 4.1)

and so on. Particularly, the conclusion remains that the generally invariant
Lagrangian is dependent on tensorial quantities only.

The maximal number of functionally independent invariants is equal
to the difference of the dimension of the manifold Q and of the rank of the
discussed system of vector fields Zt-7%, Xtk 24 7~ in their maximal points.
In the case where the dimension of basic manifold » = 1, this rank is clearly
maximal. In the case n > 3, maximality of the rank (at least in the neighbor-
hood of some points) was proved for the typical fiber T,2(R** O R**)
(Krupka, 1976). Our “extension” of the typical fiber cannot change this fact.

It remains to discuss the case n = 2. For the typical fiber T.2(R?** O R?¥)
it holds E;; = 0 and the rank of the system Bt/ B4k BX B7 is smaller
by 1 than the maximal one; as, however, 2;; is not identically zero, the rank
of the system (3.2) for typical fiber Q will be maximal in this case as well.

It follows therefore that the maximal number of functionally inde-
pendent invariants is

X=3nn—Dn—-2)n+3) + k[ +n+iar+ 1) 4.2

where k is the number of independent components of discussed (non-
metrical) fields. Let us note that in the case k£ = 0 (the metrical field only)
the expression presented is not valid for n = 2.

Preceding results can be also applied to the case where % is dependent
on the first derivatives of nonmetrical fields only. The identities (3.3) remain
then valid after omitting the members with second derivatives of the non-
metrical fields. The number of functionally independent invariants will be
smaller as (4.2) by ink(n + 1).

However, in relativistic theories it is often supposed that Z = % + %,
where Z, = L1(&is> &is1> Guri) a0d Ly = Lo(gij Gig s A1 Ai,g). Here, Z is
the “gravitational” and %, the “material” part of the Lagrangian. The
independency of %, on the second derivatives of the metrical tensor field
can be considered as the manifestation of the so-called principle of minimal
gravitational coupling. In this case we arrive at the conclusion that %,
depends only on g;;, 4;, 4;;; in the case of the vector field (and analogically
for an arbitrary number of tensor fields).

Let us reflect on the number of independent invariants of g;;, 4;, A4;,;
(i.e., independent Lagrangians of the type .%). We choose on the manifold
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T.(R™ O R**) x T,'(R™*) such points, where 4;;; = §;;,, 4, =0, g, =0,
and g; # g;; for i # j. Then we obtain from (3.2), (3.1)

0 ]
425 = (gu — &) (—6_;4—:, + EA_“)

As i > j, it is clear that the system of the vector fields Z;; has the maximal
rank in the neighborhood of the points considered.

In the case of tensor field of the second degree let us choose on the
manifold T,}(R*™* © R™) x T, (R™ @ R**) such a point, where 4;; = §,,,
Ai;=0,g,;=0,and g; # g for i # j. It follows from (3.2), (4.1)

b 0
4%; = (gu — &) (525 + a—)
n

so that the rank is again maximal. In the case of a tensor field of a higher
degree 1et us Choose Ail"'im = Siliz'silis. M Silim’ Ai"'im;k = 0, giJ' = 0 fOI'
i # j and we obtain

2 o 2
42- = | =— + — s —— ;
Z (aTi,..., T iyg aTj...,,) &

et )
aTﬂ...i 8]-‘111...{ aT;--'i] gﬁ

Clearly the rank of the system is again maximal.

The maximal number of functionally independent invariants of tensor
fields and the metric of first degree (with the exception of scalar fields only)
is consequently

kn+ 1) —3n(n—~-1

where k is the number of independent components of the fields studied.
For example, in the case of a vector field, where k = n, this number is
equal to n(n + 3), which in the physically significant case n = 4 gives the
result 14. [Let us note that according to the preceding argument this number
is equal to the number of invariants of vector (4;), tensor of second degree
(A;.;), and the metrical tensor g;;.]

For the case of scalar field ¢ it holds

0
25 = (8w, — gjkq’,i)m

In this case the number of invariants is equal to the number of invariants
of scalar ¢, vector (p,), and the metrical tensor g;;, i.e., it is equal to 2.
Finally, let us consider the case of the k scalar fields. Then the number of
invariants is equal to the number of invariants of k vector fields ¢f?, . . ., %

Wt
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and the metrical tensor g;, increased by the number of scalar fields con-
sidered, i.e., $k(k + 3) for k < nand k(n + 1) — 4n(n — 1) for k > n.
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